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ORBITAL FREE PRESSURE AND ITS LEGENDRE TRANSFORM
FUMIO HIAI AND YOSHIMICHI UEDA 1
Abstract. Orbital counterparts of the free pressure and its Legendre transform (or η-
entropy) are introduced and studied in comparison with other entropy quantities in free
probability theory and in relation to random multi-matrix models.
1. Introduction
Voiculescu [22] introduced the free mutual information i∗ for tuples of unital ∗-subalgebras of
a tracial W ∗-probability space, based on the so-called liberation processes and an appropriate
theory of derivations similarly to the microstate-free approach χ∗ to free entropy. Hence it is
natural to regard the free mutual information i∗ as the microstate-free definition of free mutual
information. A decade later in [11], we andMiyamoto introduced the orbital free entropy χorb for
tuples (X1, . . . ,Xn) of self-adjoint random multi-variablesXi in a tracialW
∗-probability space,
based on an appropriate notion of microstates called orbital microstates. Here, a self-adjoint
random multi-variable means a tuple of (finitely many) self-adjoint random variables. Note
that our first work [11] could deal with only the situation that each Xi generates a hyperfinite
von Neumann subalgebra, but the later one [19], motivated by the important contribution [2],
extended the orbital free entropy χorb itself with its properties and its dimension counterpart
δorb,0 to the general situation. Furthermore, several alternative approaches to orbital free
entropy, χ˜orb etc., were proposed by Biane and Dabrowski [2] as byproducts of their idea of
random microstates in order to provide paths to solving at least one of the major problems in
the direction. Let us briefly explain those major problems in the next paragraph to make the
current status clear for the reader’s convenience.
The free mutual information i∗ and the minus orbital free entropy −χorb have many natural
properties in common, and hence −χorb seems a strong candidate of microstate counterpart of
i∗. However, only a few results are known so far about relations among them and two approaches
χ, χ∗ of free entropy. In fact, the most desired identity χ(X1, . . . ,Xn) = χorb(X1, . . . ,Xn) +∑n
i=1 χ(Xi) is known to hold only when every Xi is a singleton (see [11, Theorem 2.6]), and
moreover no analogous property for χ∗ and i∗ is known. This issue is currently one of two major
problems in the study of orbital free entropy χorb, and the other is the unification question
between i∗ and −χorb (see [15, §1] for more on this latter problem). Besides these fundamental
problems we do not yet know whether or not all the existing microstate approaches or definitions
in [2, 19] coincide without any assumption; hence we (and probably the authors of [2] too) think
that the ‘final form’ of definition of orbital free entropy χorb is not yet established. Moreover, it
is very difficult to calculate the orbital free entropy χorb (as well as the free mutual information
i∗) for concrete, non-trivial examples. The latter of these two issues initially motivated us to
do the present work.
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The main purpose of the present paper is to introduce and develop a possible Legendre
transform approach to the orbital free entropy χorb in order to deepen our understanding of
χorb (as well as its relation with the microstate approach χ to free entropy). The resulting
quantity turns out not to agree with the orbital free entropy χorb in general due to its character
of concavity, but shares all the natural properties with χorb. We would like to emphasize that
the proposed approach here enables one to investigate the orbital free entropy χorb by analogy
to statistical mechanics with a flavor similar to quantum spin systems [4, Chapter 6].
Let us clarify our strategy and our results more precisely. The strategy here is to follow
an idea from statistical mechanics, and this is analogous to the previous work [10] of the
first-named author. Namely, we first introduce a kind of pressure function, called the orbital
free pressure πorb,R, in the sprit of defining the orbital free entropy χorb, and then consider
its (minus) Legendre transform. Hence the resulting quantity fits into convex analysis and is
primarily defined for tracial states on a certain universal C∗-algebra depending on a fixed cut-off
constant. However, we see (Theorem 3.4) that it does not depend on the possible choice of a
cut-off constant while this independence is not known for the previous η-entropy ηR introduced
in [10], and it turns out to become a new variant of the orbital free entropy. We will call it the
orbital η-entropy ηorb, defined for tuples (X1, . . . ,Xn) of self-adjoint random multi-variables
as above. In fact, we see (Theorem 3.5) that the orbital η-entropy ηorb shares all the natural
properties with the orbital free entropy χorb. The inequality χorb ≤ ηorb holds in general,
though ηorb is not necessarily equal to χorb (see Remark 3.6) by the concavity as mentioned
before. A systematic study of πorb,R and ηorb including the above-mentioned results is carried
out in §2 and §3, and the purpose of these sections and the later §5 is to establish the foundation
of the Legendre transform approach here. In the next §4 we introduce and study the notion of
‘orbital equilibrium’ tracial states. In particular, in §§4.2 we give a sufficient condition for a
given tracial state to be orbital equilibrium, which will be used in §7 where we will point out (in
Example 7.1) an explicit relationship between a computation in the proof of [5, Theorem 8.1]
and the orbital free entropy χorb. Indeed, the proof of [5, Theorem 8.1] contains a ‘prototype’
of the orbital free pressure and it is one of our motivations of the present work. Moreover, in
§§4.3 we find several connections of the orbital η-entropy ηorb to the microstate approach χ of
free entropy and the η-entropy ηR based on the notion of (orbital) equilibrium. In §5 we prove
(Theorem 5.1) that the free independence ofX1, . . . ,Xn (together with the f.d.a. assumption) is
equivalent to ηorb(X1, . . . ,Xn) = 0, where the key ingredient is a transportation cost inequality
similarly to the case of χorb in [11]. In §6 we give a representation of the orbital free entropy
χorb as the Legendre transform of a certain modification of the pressure function introduced in
§2. This is again analogous to the representation in [10, §6]. Note that such a representation
is important as explained in [8, §7]. In the final §7 we discuss random matrix models studied
in [5]. We see that random matrix models in [5] under some conditions indeed provide orbital
equilibrium tracial states in a suitable manner.
Many existing quantities mentioned above will be used throughout the paper, but we would
not like to repeat their definitions here. Instead we simply refer the reader to suitable references
as follows: [23] for two approaches χ, χ∗ to free entropy, [10] for the free pressure πR and the
η-entropy ηR, [11, 19] for the orbital free entropy χorb, and finally [22] for the liberation theory.
We will use the following notations: For a given unital C∗-algebra A we denote by Asa the set
of all self-adjoint elements in A and by TS(A) the tracial states on A. For N ∈ N, MN(C) is
the N ×N complex matrix algebra,MN(C)sa is the set of N ×N self-adjoint matrices, and ΛN
is the Lebesgue measure on MN(C)
sa ∼= RN2 . We write MN(C)saR for the set of A ∈ MN(C)sa
with the operator norm ‖A‖∞ ≤ R. The normalized trace on MN(C) is denoted by trN .
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Furthermore, U(N) and SU(N) are the unitary group and the special unitary group of order
N with the Haar probability measures γU(N) and γSU(N), respectively.
2. Orbital free pressure
Let xi = (xij)
r(i)
j=1, 1 ≤ i ≤ n, be non-commutative multi-indeterminates, and let R > 0 be
given. We define CR(xi) to be the universal C∗-free product of r(i) copies of C[−R,R], the
C∗-algebra of continuous complex functions on [−R,R], with the identification xij(t) := t in
the jth copy of C[−R,R]. (Recall that the universal C∗-algebra generated by a single element
x = x∗ with ‖x‖ = R is isomorphic to C[−R,R] with the identification x(t) = t.) Write
x := x1 ⊔ · · · ⊔ xn for simplicity, and define CR(x) to be the universal C∗-free product of the
CR(xi), 1 ≤ i ≤ n, i.e.,
CR(x) =⋆ni=1CR(xi) =⋆ni=1
(
C[−R,R]⋆r(i)). (2.1)
Denote by ‖ − ‖R the C∗-norm on those C∗-algebras throughout.
For a given tracial state τ ∈ TS(CR(xi)) and N,m ∈ N and δ > 0 we define ΓR(τ ;N,m, δ)
to be the set ΓR(xi;N,m, δ) of microstates with regarding xi as a tuple of random variables in
the tracial probability space (CR(xi), τ), i.e., the set of (Aj)r(i)j=1 ∈ (MN (C)saR )r(i) such that
|trN (Aj1 · · ·Ajl)− τ(xij1 · · ·xijl)| < δ
holds whenever 1 ≤ jk ≤ r(i), 1 ≤ k ≤ l and l ≤ m. As noted in [10, p.232–233], for each
a = (ai)
n
i=1 with tuples ai = (aij)
r(i)
j=1 of self-adjoint elements in a unital C
∗-algebra A and
‖aij‖ ≤ R, there is a canonical ∗-homomorphism f ∈ CR(x) 7→ f(a) ∈ A uniquely determined
by the correspondence xij 7→ aij . Similarly, we have ∗-homomorphisms g ∈ CR(xi) 7→ g(ai) ∈ A
for 1 ≤ i ≤ n. In particular, we have ∗-homomorphisms h ∈ CR(xi) 7→ h(Ai) ∈ MN (C) for
A = (Ai)
n
i=1 with Ai = (Aij)
r(i)
i=1 ∈ (MN (C)saR )r(i).
Definition 2.1. Let τi ∈ TS(CR(xi)), 1 ≤ i ≤ n, be given, and h ∈ CR(x)sa be also given. For
each N,m ∈ N and δ > 0 we define
πorb,R(h : (τi)
n
i=1 ;N,m, δ)
:= sup
(Ai)ni=1∈
∏
n
i=1 ΓR(τi ;N,m,δ)
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViAiV ∗i )ni=1))), (2.2)
where the supremum should be read −∞ when ΓR(τi ;N,m, δ) = ∅ for some 1 ≤ i ≤ n.
Moreover, we define
πorb,R(h : (τi)
n
i=1 ;m, δ) := lim sup
N→∞
1
N2
πorb,R(h : (τi)
n
i=1 ;N,m, δ),
πorb,R(h : (τi)
n
i=1) := limm→∞
δց0
πorb,R(h : (τi) ;m, δ) = inf
m∈N
δ>0
πorb,R(h : (τi) ;m, δ).
We call πorb,R(h : (τi)
n
i=1) the orbital free pressure of h relative to (τi)
n
i=1.
For τi ∈ TS(CR(xi)) we say that τi has finite-dimensional approximants (f.d.a. for short)
[21, Definition 3.1] if, for every m ∈ N and δ > 0, ΓR(τi;N,m, δ) 6= ∅ for some N ∈ N. The
next lemma is well-known and the proof is left to the reader.
Lemma 2.1. The following conditions for τi ∈ CR(xi) are equivalent:
(i) τi has f.d.a.;
(ii) for every m ∈ N and δ > 0, ΓR(τi;N,m, δ) 6= ∅ for all sufficiently large N ∈ N;
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(iii) there exists a sequence of microstates Ξ(N) = (ξj(N))
r(i)
j=1 ∈ (MN (C)saR )r(i), N ∈ N,
such that limN→∞ trN (p(Ξ(N))) = τi(p) for every non-commutative polynomial p in
xi.
Basic properties of the orbital free pressure are in the following:
Proposition 2.2. The orbital free pressure πorb,R(h : (τi)
n
i=1) enjoys the following properties:
(1) If one of the τi does not have f.d.a., then πorb,R(h : (τi)
n
i=1) = −∞ for all h ∈ CR(x)sa.
(2) Assume that all τi have f.d.a. Then, for every h1, h2 ∈ CR(x)sa one has
|πorb,R(h1 : (τi)ni=1)− πorb,R(h2 : (τi)ni=1)| ≤ ‖h1 − h2‖R.
In particular, πorb,R(h : (τi)
n
i=1) ∈ [−‖h‖R, ‖h‖R] for every h ∈ CR(x)sa.
(3) If h1, h2 ∈ CR(x)sa and h1 ≤ h2, then πorb,R(h1 : (τi)ni=1) ≥ πorb,R(h2 : (τi)ni=1).
(4) h ∈ CR(x)sa 7→ πorb,R(h : (τi)ni=1) is convex.
(5) For 1 ≤ n′ < n and for every h1 ∈ CR(
⊔n′
i=1 xi)
sa and h2 ∈ CR(
⊔n
i=n′+1 xi)
sa one has
πorb,R(h1 + h2 : (τi)
n
i=1) ≤ πorb,R(h1 : (τi)n
′
i=1) + πorb,R(h2 : (τi)
n
i=n′+1).
Proof. (1) is obvious by definition and Lemma 2.1.
(2) For every (Ai)
n
i=1 ∈
∏n
i=1 ΓR(τi;N,m, δ) and (Vi)
n
i=1 ∈ U(N)n, the obvious inequality∣∣trN (h1((ViAiV ∗i )ni=1))− trN(h2((ViAiV ∗i )ni=1))| ≤ ‖h1 − h2‖R
implies
exp
(−N2trN(h1((ViAiV ∗i )ni=1)))e−‖h1−h2‖R
≤ exp(−N2trN(h2((ViAiV ∗i )ni=1))) ≤ exp(−N2trN(h1((ViAiV ∗i )ni=1)))e‖h1−h2‖R ,
which immediately gives the first assertion. The latter assertion also follows since πorb,R(0 :
(τi)
n
i=1) = 0.
(3) is easy and the proof is left to the reader.
(4) We may assume, thanks to (1) above, that all τi have f.d.a. Let 0 < α < 1 and
h1, h2 ∈ CR(x)sa be arbitrarily fixed. For any Ai ∈ Γ(τi;N,m, δ), 1 ≤ i ≤ n, one has∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN((αh1 + (1− α)h2)((ViAiV ∗i )ni=1)))
=
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN(h1((ViAiV ∗i )ni=1)))α
× exp (−N2trN(h2((ViAiV ∗i )ni=1)))1−α
≤
[ ∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN(h1((ViAiV ∗i )ni=1)))]α
×
[ ∫
U(N)n
dγ⊗nU(N) exp
(−N2trN(h2((ViAiV ∗i )ni=1)))]1−α
by the Ho¨lder inequality, and hence
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN((αh1 + (1− α)h2)((ViAiV ∗i )ni=1)))
≤ απorb,R(h1 : (τi)ni=1;N,m, δ) + (1 − α)πorb,R(h2 : (τi)ni=1;N,m, δ).
Then the desired assertion is immediate.
ORBITAL FREE PRESSURE AND ITS LEGENDRE TRANSFORM 5
(5) We may and do also assume that all the τi have f.d.a. For any Ai ∈ Γ(τi;N,m, δ),
1 ≤ i ≤ n, one has
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2(trN (h1((ViAiV ∗i )n′i=1) + trN (h2((ViAiV ∗i )ni=n′+1)))
= log
∫
U(N)n′
dγ⊗n
′
U(N)(Vi) exp
(−N2trN (h1((ViAiV ∗i )n′i=1)))
+ log
∫
U(N)n−n′
dγ
⊗(n−n′)
U(N) (Vi) exp
(−N2trN (h2((ViAiV ∗i )ni=n′+1)))
≤ πorb,R(h1 : (τi)n′i=1 ;N,m, δ) + πorb,R(h2 : (τi)ni=n′+1 ;N,m, δ),
which immediately implies the desired assertion. 
One can also consider πorb,R(h : (τi)
n
i=1) as a function of τi ∈ TS(CR(xi)), 1 ≤ i ≤ n, with
h ∈ CR(x)sa fixed. The following lemma will be used in the next section.
Lemma 2.3. For 1 ≤ i ≤ n let τi, τ (k)i ∈ TS(CR(xi)), k ∈ N, such that τ (k)i → τi in the weak*
topology as k →∞. Then, for every h ∈ CR(x)sa one has
πorb,R(h : (τi)
n
i=1) ≥ lim sup
k→∞
πorb,R(h : (τ
(k)
i )
n
i=1).
Proof. Let m ∈ N and δ > 0 be arbitrarily given. By assumption we can choose k0 (depending
on m, δ) so that, for every k ≥ k0 and 1 ≤ i ≤ n,
|τ (k)i (xij1 · · ·xijl )− τi(xij1 · · ·xijl )| < δ/2
holds whenever 1 ≤ jk ≤ r(i), 1 ≤ k ≤ l and 1 ≤ l ≤ m. For every k ≥ k0 and 1 ≤ i ≤ n, if
(Bj)
r(i)
j=1 ∈ ΓR(τ (k)i ;N,m, δ/2), then we have∣∣trN (Bj1 · · ·Bjl)− τi(xij1 · · ·xijl)∣∣ ≤ ∣∣trN(Bj1 · · ·Bjl)− τ (k)i (xij1 · · ·xijl )∣∣+ δ/2 < δ
for the jk as above. This implies that ΓR(τ
(k)
i ;N,m, δ/2) ⊆ ΓR(τi ;N,m, δ) holds for every
k ≥ k0, 1 ≤ i ≤ n and N ∈ N. Consequently, for every h ∈ CR(x)sa,
πorb,R(h : (τ
(k)
i )
n
i=1) ≤ πorb,R(h : (τ (k)i )ni=1 ;m, δ/2) ≤ πorb,R(h : (τi)ni=1 ;m, δ)
holds whenever k ≥ k0. Therefore,
lim sup
k→∞
πorb,R(h : (τ
(k)
i )
n
i=1) ≤ πorb,R(h : (τi)ni=1 ;m, δ),
which gives the desired inequality since m ∈ N and δ > 0 are arbitrary. 
Let τi, 1 ≤ i ≤ n, be again fixed as in Definition 2.1. We assume that every xi generates
a hyperfinite von Neumann algebra in the GNS representation associated with τi. Obviously,
this assumption is stronger than that all τi have f.d.a. For each 1 ≤ i ≤ n we can choose a
sequence of microstates as in Lemma 2.1 (3), i.e., Ξi(N) ∈ (MN (C)saR )r(i), N ∈ N, such that
limN→∞ trN (p(Ξi(N))) = τi(p) for every non-commutative polynomial p in xi. In this situation
we have the next result from the viewpoint similar to [11, §4].
Proposition 2.4. With the assumption and the notations above, for every h ∈ CR(x)sa we
have
πorb,R(h : (τi)
n
i=1)
= lim sup
N→∞
1
N2
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViΞi(N)V ∗i )ni=1)))
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(independently of the choice of approximating microstates Ξi(N) as above).
Proof. For each m ∈ N and δ > 0 there is an N0 ∈ N so that Ξi(N) ∈ ΓR(τi ;N,m, δ) for all
N ≥ N0 and 1 ≤ i ≤ n. Hence the right-hand side of the desired identity is not greater than
πorb,R(h : (τi)
n
i=1 ;m, δ) for every m ∈ N and δ > 0. Hence the inequality ≥ of the desired
identity holds true.
Let ε > 0 be arbitrarily chosen. One can choose a non-commutative polynomial p = p∗ in
x such that ‖p − h‖R < ε/3. By Jung’s theorem [16] (see [11, Lemma 1.2] and the proof of
[19, Proposition 2.3]) one can choose (by looking at the polynomial p) m′ ∈ N and δ′ > 0 in
such a way that, if (Bi)
n
i=1, (B
′
i)
n
i=1 are in
∏n
i=1 ΓR(τi ;N,m
′, δ′), then there exists Wi ∈ U(N)
(depending on Bi,B
′
i), 1 ≤ i ≤ n, such that
|trN (p((ViBiV ∗i )ni=1))− trN (p((ViWiB′iW ∗i V ∗i )ni=1))| < ε/3
for every N ∈ N and every (Vi)ni=1 ∈ U(N)n. Let N1 ∈ N be chosen so that every Ξi(N)
falls in ΓR(τi ;N,m
′, δ′) as long as N ≥ N1. Now, assume that N ≥ N1 and (Ai)ni=1 ∈∏n
i=1 ΓR(τi ;N,m
′, δ′), and choose Wi ∈ U(N) as above for Ai and Ξi(N), 1 ≤ i ≤ n. Since
|trN (h((ViAiV ∗i )ni=1))− trN (h((ViWiΞi(N)W ∗i V ∗i )ni=1))|
≤ 2‖h− p‖R + |trN (p((ViAiV ∗i )ni=1))− trN (p((ViWiΞi(N)W ∗i V ∗i )ni=1))| < ε
for every Vi ∈ U(N), it follows that
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViAiV ∗i )ni=1)))
< log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViWiΞi(N)W ∗i V ∗i )ni=1)))+N2ε
= log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViΞi(N)V ∗i )ni=1)))+N2ε
thanks to the invariance of γU(N). Therefore, for every N ≥ N1,
πorb,R(h : (τi)
n
i=1) ≤ πorb,R(h : (τi)ni=1 ;m′, δ′)
≤ lim sup
N→∞
1
N2
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViΞi(N)V ∗i )ni=1)))+ ε,
which implies the inequality ≤ of the desired identity since ε > 0 is arbitrary. 
Remark 2.5. In the hyperfiniteness situation (in particular, in the case where every xi is
a singleton), the identity of the above proposition may serve as an alternative definition of
πorb,R(h : (τi)
n
i=1). By suitably modifying the above proof we also see, in this situation, that
the definition becomes equivalent when supremum in (2.2) of Definition 2.1 is replaced with
infimum, that is,
πorb,R(h : (τi)
n
i=1;N,m, δ)
:= inf
(Ai)ni=1∈
∏
n
i=1 ΓR(τi;N,m,δ)
log
∫
U(N)n
dγ⊗nU(N) exp
(−N2trN (h((ViAiV ∗i )ni=1))),
πorb,R(h : (τi)
n
i=1) = sup
m∈N
δ>0
lim sup
N→∞
1
N2
πorb,R(h : (τi)
n
i=1;N,m, δ).
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3. Orbital η-entropy
We keep the notations in §2. Let τi ∈ TS(CR(xi)), 1 ≤ i ≤ n, be given. By Proposition 2.2
we have known that h ∈ CR(x)sa 7→ πorb,R(h : (τi)ni=1) is convex and norm-continuous (as long
as all τi have f.d.a.). Thus we may consider its Legendre transform with respect to the (real)
Banach space duality between CR(x)sa and CR(x)∗sa, the self-adjoint part of the dual space
CR(x)∗
Definition 3.1. For a given ϕ ∈ CR(x)∗sa we define
ηorb,R(ϕ : (τi)
n
i=1) := inf{ϕ(h) + πorb,R(h : (τi)ni=1) |h ∈ CR(x)sa} (∈ [−∞,∞)).
Remark that this is not exactly the Legendre transform; it is indeed the minus Legendre
transform of h 7→ πorb,R(h : (τi)ni=1).
Proposition 3.1. If ηorb,R(ϕ : (τi)
n
i=1) > −∞, then ϕ must be in TS(CR(x)) and satisfy
ϕ↾CR(xi)= τi for every 1 ≤ i ≤ n.
Proof. The same proof as that of [10, Lemma 3.3] works well to show that the finiteness as-
sumption implies ϕ ∈ TS(CR(x)). Hence it suffices to prove that if τ ∈ TS(CR(x)) satisfies
τ ↾CR(xi) 6= τi for some 1 ≤ i ≤ n, then ηorb,R(τ : (τi)ni=1) = −∞. We may and do assume that
all τi have f.d.a.; otherwise, πorb,R(h : (τi)
n
i=1) = −∞ for every h ∈ CR(x)sa by definition and
Lemma 2.1.
By assumption we have τ(p) 6= τi0(p) for some 1 ≤ i0 ≤ n and some non-commutative
polynomial p = p∗ in xi0 . We may and do assume that τ(p) < τi0(p). Let ε > 0 be ar-
bitrarily given. Then there are m ∈ N and δ > 0 such that A ∈ ΓR(τi0 ;N,m, δ) implies
|trN (p(A)) − τi0 (p)| < ε so that τi0(p) − ε < trN (p(A)). By the f.d.a. assumption with
Lemma 2.1, for every sufficiently large N we have known Γ(τi0 ;N,m, δ) 6= ∅ and moreover
τi0(p)− ε ≤ infA∈Γ(τi0 ;N,m,δ) trN (p(A)). For such N and for any α > 0 we then have
πorb,R(αp : (τi)
n
i=1 ;N,m, δ)
= sup
A∈Γ(τi0 ;N,m,δ)
log
∫
U(N)
dγU(N)(V ) exp
(−N2trN (αp(VAV ∗)))
≤ −N2 inf
A∈Γ(τi0 ;N,m,δ)
trN (αp(A)) ≤ −N2α(τi0 (p)− ε).
Therefore, τ(αp) + πorb,R(αp : (τi)
n
i=1) ≤ α(τ(p) − τi0(p)) + αε. Since ε > 0 is arbitrary,
τ(αp)+πorb,R(αp : (τi)
n
i=1) ≤ α(τ(p)− τi0 (p)), which immediately implies the desired assertion
by letting α→∞. 
Corollary 3.2. For every h ∈ CR(x)sa we have
πorb,R(h : (τi)
n
i=1)
= max{−τ(h) + ηorb,R(τ : (τi)ni=1) | τ ∈ TS(CR(x)), τ ↾CR(xi)= τi, 1 ≤ i ≤ n}.
Proof. The Legendre transform duality (see e.g., [17, §I.6]) gives
πorb,R(h : (τi)
n
i=1) = sup{−ϕ(h) + ηorb,R(ϕ : (τi)ni=1) |ϕ ∈ CR(x)∗sa}.
By Proposition 3.1 the above supremum can be taken over tracial states restricted as asserted.
Then supremum can be replaced with maximum since ϕ 7→ ηorb,R(ϕ : (τi)ni=1) is upper semi-
continuous in the weak* topology by definition and the set of τ ∈ TS(CR(x)) with τ ↾CR(xi)= τi
for 1 ≤ i ≤ n is weak*-compact. 
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For each τ ∈ TS(CR(x)), letting τi := τ ↾CR(xi), 1 ≤ i ≤ n, we write
ηorb,R(τ) := ηorb,R(τ : (τi)
n
i=1)
and call it the orbital η-entropy of τ (relative to the formation (2.1)).
Proposition 3.3. The orbital η-entropy ηorb,R(τ) for τ ∈ TS(CR(x)) enjoys the following
properties:
(1) ηorb,R(τ) ≤ 0.
(2) ηorb,R(τ) = −∞ if one of the τi does not have f.d.a.
(3) For 1 ≤ n′ < n,
ηorb,R(τ) ≤ ηorb,R
(
τ ↾CR(⊔n′i=1xi)
)
+ ηorb,R
(
τ ↾CR(⊔ni=n′+1xi)
)
.
(4) τ 7→ ηorb,R(τ) is upper semicontinuous on TS(C(x)) equipped with the weak* topology.
(5) For given τ0i ∈ TS(CR(xi)), 1 ≤ i ≤ n, τ 7→ ηorb,R(τ) is concave on
{τ ∈ TS(CR(x)) | τ ↾CR(xi)= τ0i , 1 ≤ i ≤ n}.
Proof. (1), (2) and (5) are obvious by definition and Proposition 2.2 (1).
(3) For every h1 ∈ CR(
⊔n′
i=1 xi)
sa and h2 ∈ CR(
⊔n
i=n′+1 xi)
sa one has
ηorb,R(τ) ≤ τ(h1 + h2) + πorb,R(h1 + h2 : (τi)ni=1)
≤ τ(h1) + τ(h2) + πorb,R(h1 : (τi)n′i=1) + πorb,R(h2 : (τi)ni=n′+1)
by Proposition 2.2 (5), which gives the desired assertion.
(4) Since the weak* topology on TS(CR(x)) is metrizable, we may only consider a sequence
τ (k) ∈ TS(CR(x)), k ∈ N, such that τ (k) → τ in the weak* topology as k → ∞. For each
1 ≤ i ≤ n let τ (k)i := τ (k) ↾CR(xi) and τi := τ ↾CR(xi), 1 ≤ i ≤ n; then τ (k)i → τi in the weak*
topology as k →∞. For every h ∈ CR(x)sa, by Lemma 2.3 we get
τ(h) + πorb,R(h : (τi)
n
i=1) ≥ lim sup
k→∞
{
τ (k)(h) + πorb,R(h : (τ
(k)
i )
n
i=1)
} ≥ lim sup
k→∞
ηorb,R(τ
(k)),
which gives ηorb,R(τ) ≥ lim supk→∞ ηorb,R(τ (k)). 
In addition to xi = (xij)
r(i)
j=1 and R > 0 we consider multi-indeterminates yi = (yij)
s(i)
j=1,
1 ≤ i ≤ n, and S > 0. We define CS(yi), 1 ≤ i ≤ n, and CS(y) with y := y1⊔· · ·⊔yn as before.
Let (M, τ) be a tracial W ∗-probability space, that is, M is a finite von Neumann algebra and
τ a faithful normal tracial state onM. We write ‖X‖∞ for the operator norm of X ∈M. The
next theorem will play a key roˆle in the rest of this section. Indeed, it enables us to define a
kind of free mutual information by means of orbital η-entropy.
Theorem 3.4. For 1 ≤ i ≤ n let Xi = (Xij)r(i)j=1 and Yi = (Yij)s(i)j=1 be self-adjoint ran-
dom multi-variables in Msa such that ‖Xij‖∞ ≤ R and ‖Yij‖∞ ≤ S for all i, j. Let τ (R)X ∈
TS(CR(x)) be the tracial state induced from τ via the ∗-homomorphism determined by xij ∈
CR(x) 7→ Xij ∈ M, and τ (S)Y ∈ TS(CS(y)) be similarly induced via yij ∈ CS(y) 7→ Yij ∈ M. If
Yi ⊂W ∗(Xi) in M for every 1 ≤ i ≤ n, then ηorb,R(τ (R)X ) ≤ ηorb,S(τ (S)Y ).
Proof. Firstly, assume that maxi,j ‖Yij‖∞ < S, and let α > ηorb,S(τ (S)Y ) be arbitrary. By
definition there exists a non-commutative polynomial q = q∗ in y such that
τ(q(Y)) + πorb,S(q : (τ
(S)
Yi
)ni=1) < α, (3.1)
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where τ
(S)
Yi
∈ TS(CS(yi)) induced by yij 7→ Yij coincides with τ (S)Y ↾CR(yi). We may and do
assume that all Xi (equivalently, all τ
(R)
Xi
) have f.d.a.; otherwise ηorb,R(τ
(R)
X ) = −∞ and the
desired assertion trivially holds. Let m ∈ N and δ > 0 be arbitrarily given. Then, by the proof
of [1, Lemma 2.3] (or the proof of [19, Lemma 2.3]) there exist m′ ∈ N and δ′ > 0 so that
(Bj)
s(i)
j=1 ∈ Γ∞(Yi ;N,m′, δ′) =⇒ (fS(Bj))s(i)j=1 ∈ ΓS(Yi ;N,m, δ) (3.2)
holds for every N ∈ N and 1 ≤ i ≤ n, where fS(t) := Sf(t/S) with the continuous function
f : R → [−1, 1] defined by f(t) = t for −1 ≤ t ≤ 1, f(t) = −1 for t < −1 and f(t) = 1 for
t > 1. For every ε > 0, by the Kaplansky density theorem one can choose non-commutative
polynomials pij = p
∗
ij in xi for 1 ≤ i ≤ n and 1 ≤ j ≤ s(i) in such a way that
‖pij(Xi)‖∞ ≤ ‖Yij‖∞ < S, (3.3)
‖pij(Xi)− Yij‖2,τ < δ′/(2m′Sm′−1), (3.4)∣∣τ(q(((pij(Xi))s(i)j=1)ni=1))− τ(q(Y))∣∣ < ε, (3.5)
where ‖X‖2,τ := τ(X∗X)1/2, the 2-norm on M. Looking at the pij one can also find m′′ ∈ N
and δ′′ > 0 in such a way that for every 1 ≤ i ≤ n and N ∈ N one has
A ∈ ΓR(Xi ;N,m′′, δ′′) =⇒
∣∣trN (pij1(A) · · · pijl(A))− τ(pij1 (Xi) · · · pijl(Xi))∣∣ < δ′/2
whenever 1 ≤ jk ≤ r(i), 1 ≤ k ≤ l and 1 ≤ l ≤ m′. (See the proof of [19, Theorem 2.6 (6)].)
Hence, if A ∈ ΓR(Xi ;N,m′′, δ′′), then by (3.3) and (3.4) one has∣∣trN (pij1 (A) · · · pijl(A))− τ(Yij1 · · ·Yijl)∣∣
≤ ∣∣trN (pij1(A) · · · pijl(A)) − τ(pij1 (Xi) · · · pijl(Xi))∣∣
+
∣∣τ(pij1 (Xi) · · · pijl(Xi))− τ(Yij1 · · ·Yijl )∣∣ < δ′
whenever 1 ≤ jk ≤ s(i), 1 ≤ k ≤ l and 1 ≤ l ≤ m′, so that (pij(A))s(i)j=1 ∈ Γ∞(Yi ;N,m′, δ′).
Thanks to (3.2) we have shown that
A ∈ ΓR(Xi ;N,m′′, δ′′) =⇒ (fS(pij(A)))s(i)j=1 ∈ ΓS(Yi ;N,m, δ)
for every 1 ≤ i ≤ n. Set h := q(((fS(pij(xi)))s(i)j=1)ni=1) ∈ CR(x)sa, where fS(pij(xi)) ∈ CR(xi)sa
is defined via continuous functional calculus of pij(xi) ∈ CR(xi)sa by a continuous function fS .
Note that for Ai ∈ ΓR(Xi ;N,m′′, δ′′) and Vi ∈ U(N), 1 ≤ i ≤ n, we have
h((ViAiV
∗
i )
n
i=1) = q
((
(VifS(pij(Ai))V
∗
i )
s(i)
j=1
)n
i=1
)
= q((ViBiV
∗
i )
n
i=1)
for some Bi ∈ ΓS(Yi ;N,m, δ), 1 ≤ i ≤ n. Therefore,
πorb,R(h : (τ
(R)
Xi
)ni=1) ≤ πorb,R(h : (τ (R)Xi )ni=1 ;N,m′′, δ′′)
= sup
Ai∈ΓR(Xi ;N,m”,δ”)
1≤i≤n
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN(h(ViAiV ∗i )ni=1)))
≤ sup
Bi∈ΓS(Yi ;N,m,δ)
1≤i≤n
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN(q((ViBiV ∗i )ni=1)))
= πorb,S(q : (τ
(S)
Yi
)ni=1 ;N,m, δ).
Furthermore, since fS(pij(Xi)) = pij(Xi) by (3.3), we get τ(h(X)) < τ(q(Y)) + ε thanks to
(3.5). We thus obtain
ηorb,R(τ
(R)
X ) ≤ τ(h(X)) + πorb,R(h : (τ (R)Xi )ni=1)
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≤ τ(q(Y)) + ε+ πorb,S(q : (τ (S)Yi )ni=1 ;m, δ).
Since m ∈ N and δ, ε > 0 are arbitrary, one has
ηorb,R(τ
(R)
X ) ≤ τ(q(Y)) + πorb,S(q : (τ (S)Yi )ni=1) < α
thanks to (3.1). This implies the desired inequality when maxi,j ‖Yij‖∞ < S.
Finally, when maxi,j ‖Yij‖∞ ≤ S, as in the proof of [19, Corollary 2.7] we replace Yij with
rYij where 0 < r < 1, so that ηorb,R(τ
(R)
X ) ≤ ηorb,S(τ (S)rY ) follows from the case that already
proved. Since it is obvious that τ
(S)
rY → τ (S)Y in the weak* topology as r ր 1, it follows from
Proposition 3.3 (4) that ηorb,R(τ
(R)
X ) ≤ lim suprր1 ηorb,R(τ (S)rY ) ≤ ηorb,S(τ (S)Y ). 
In the particular case where Xi = Yi for every 1 ≤ i ≤ n, the above theorem says that
ηorb,R(τ
(R)
X ) is independent of the choice of R ≥ maxi,j ‖Xij‖∞, and thus the next definition is
indeed justified.
Definition 3.2. Let (M, τ) be aW ∗-probability space. For self-adjoint random multi-variables
Xi, 1 ≤ i ≤ n, in M we define
ηorb(X1, . . . ,Xn) := ηorb,R(τ
(R)
X ),
where X := X1 ⊔ · · · ⊔ Xn and R ≥ maxi,j ‖Xij‖∞, and call it the orbital η-entropy of
X1, . . . ,Xn.
Basic properties of ηorb for self-adjoint random multi-variables are summarized as follows:
Theorem 3.5. The orbital η-entropy ηorb(X1, . . . ,Xn) of self-adjoint random multi-variables
X1, . . . ,Xn in M enjoys the following properties:
(1) ηorb(X1, . . . ,Xn) ≤ 0.
(2) ηorb(X1, . . . ,Xn) = −∞ if one of the Xi does not have f.d.a.
(3) ηorb(X1, . . . ,Xn) ≤ ηorb(X1, . . . ,Xn′) + ηorb(Xn′+1, . . . ,Xn) for 1 ≤ n′ < n.
(4) If Xi = (Xij)
r(i)
j=1 and X
(k)
i = (X
(k)
ij )
r(i)
j=1 are in Msa for 1 ≤ i ≤ n and k ∈ N and
X
(k)
ij → Xij strongly as k →∞ for every i, j, then
ηorb(X1, . . . ,Xn) ≥ lim sup
k→∞
ηorb(X
(k)
1 , . . . ,X
(k)
n ).
(5) If Yi ⊂ W ∗(Xi) in M for every 1 ≤ i ≤ n, then we have ηorb(X1, . . . ,Xn) ≤
ηorb(Y1, . . . ,Yn). In particular, ηorb(X1, . . . ,Xn) depends only on the von Neumann
subalgebras W ∗(Xi) generated by Xi in M.
(6) χorb(X1, . . . ,Xn) ≤ ηorb(X1, . . . ,Xn) holds in general, where χorb(X1, . . . ,Xn) is the
orbital free entropy introduced in [11, 19].
(7) ηorb(X) = 0 if X has f.d.a.; otherwise −∞.
(8) If X1, . . . ,Xn are freely independent and each Xi has f.d.a., then ηorb(X1, . . . ,Xn) = 0.
The converse of the above (8) also holds, but its proof needs the notion of ‘orbital equilibrium’
tracial states; hence we postpone the complete assertion to §5.
Proof. (1)–(3) are obvious from Proposition 3.3 (1)–(3).
(4) Since supk ‖X(k)ij ‖∞ <∞ for each i, j, we can choose R > 0 so that ‖X(k)ij ‖∞ ≤ R for all
i, j, k. Let τ
(R)
X , τ
(R)
X(k)
∈ TS(CR(x)) be defined as in Theorem 3.4. Then the weak* convergence
τ
(R)
X(k)
→ τ (R)X is an immediate consequence of the strong convergence X(k)ij → Xij for each i, j.
Hence the result follows from Proposition 3.3 (4).
(5) immediately follows from Theorem 3.4.
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(6) We may and do assume that χorb(X1, . . . ,Xn) > −∞; in particular, all Xi have f.d.a.
Choose and fix a cut-off constant R > 0 in such a way that maxij ‖Xij‖∞ ≤ R. Let p = p∗
be an arbitrary non-commutative polynomial in x and ε > 0 be arbitrarily given. Then,
looking at p one can choose m0 ∈ N and δ0 > 0 in such a way that, for any N ∈ N and any
(A)ni=1 ∈
∏n
i=1(MN (C)
sa
R )
r(i), if m ≥ m0 and 0 < δ ≤ δ0, then (Vi)ni=1 ∈ Γorb(X1, . . . ,Xn :
(Ai)
n
i=1 ;N,m, δ) implies |trN (p((ViAiV ∗i )ni=1))−τ(p(X))| < ε so that −trN (p((ViAiV ∗i )ni=1)) >
−(τ(p(X)) + ε) holds. (See [19, §2] for the definition of Γorb(X1, . . . ,Xn : (Ai)ni=1 ;N,m, δ).)
Therefore, for any N ∈ N and any Ai ∈ ΓR(Xi ;N,m, δ), 1 ≤ i ≤ n, with m ≥ m0 and
0 < δ ≤ δ0 we get∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (p((ViAiV ∗i )ni=1)))
≥
∫
Γorb(X1,...,Xn:(Ai)ni=1 ;N,m,δ)
dγ⊗nU(N)(Vi) exp
(−N2trN (p((ViAiV ∗i )ni=1)))
> exp
(−N2(τ(p(X)) + ε))γ⊗nU(N)(Γorb(X1, . . . ,Xn : (Ai)ni=1 ;N,m, δ)),
and hence
πorb,R(p : (τ
(R)
Xi
)ni=1 ;N,m, δ) ≥ −N2(τ(p(X)) + ε) + χ¯orb,R(X1, . . . ,Xn ;N,m, δ).
By [19, Proposition 2.4] (that contains the definition of χ¯orb,R(X1, . . . ,Xn ;N,m, δ)) and [19,
Corollary 2.7] we get
πorb,R(p : (τ
(R)
Xi
)ni=1) ≥ −τ(p(X))− ε+ χorb(X1, . . . ,Xn).
This yields the desired assertion.
(7) and (8) follow from the corresponding facts on χorb [19, Theorem 2.6 (3), (8)] thanks to
(6). 
Remark 3.6. Similarly to the relation between χ and ηR the equality χorb = ηorb in Theorem
3.5 (6) does not hold in general as follows. Choose two n-tuples Y = (Yi)
n
i=1, Z = (Zi)
n
i=1
of self-adjoint random variables in a tracial W ∗-probability space in such a way that (i) Y is
not a freely independent family but χ(Y) > −∞, (ii) Z is a freely independent family, and
(iii) Yi and Zi have the same distribution for every 1 ≤ i ≤ n. Letting R := maxi ‖Yi‖∞ (=
maxi ‖Zi‖∞) we obtain two tracial states τ (R)Y , τ (R)Z on CR(x) with x = (x1) ⊔ · · · ⊔ (xn). Set
τ := 12 (τ
(R)
Y + τ
(R)
Z ) ∈ TS(CR(x)), and via the GNS representation associated with τ we obtain
a new n-tuple X = (Xi)
n
i=1 of self-adjoint random variables in a tracial W
∗-probability space
so that τ
(R)
X = τ holds; in particular, the distribution of Xi coincides with those of Yi and Zi
for every 1 ≤ i ≤ n. We have ηorb(X1, . . . , Xn) = ηorb,R(τ) ≥ 12 (ηorb,R(τ (R)Y ) + ηorb,R(τ (R)Z )) ≥
1
2 (χorb(Y) + χorb(Z)) > −∞ by Proposition 3.3 (5), Theorem 3.5 (6), [11, Theorem 2.6] and
χ(Zi) = χ(Yi) > −∞ for all 1 ≤ i ≤ n. On the other hand, the degenerate convexity of χ [23,
χ.8] implies that χ(X) = −∞. This implies χorb(X1, . . . , Xn) = −∞ thanks to [11, Theorem
2.6] again, since χ(Xi) = χ(Yi) > −∞ for all 1 ≤ i ≤ n.
Remarks 3.7. (1) If the von Neumann algebra W ∗(X) is a factor, then χ˜orb(X1, . . . ,Xn), one
of alternative approaches to the orbital free entropy due to Biane and Dabrowski [2, §7], agrees
with χorb(X1, . . . ,Xn) due to [2, Theorem 7.3 (6)]. Hence χ˜orb ≤ ηorb holds too under the
factoriality assumption. However, we do not know, at the present moment, whether or not the
inequality holds without the assumption. It is worth noting that χ˜ ≤ ηR holds in general for
two concavifications χ˜ in [2] and ηR in [10] of microstate free entropy, see [2, Remark 4.5].
(2) Since the finiteness of χorb may be thought of as a kind of free independence, the known
factoriality result on free product von Neumann algebras, see [18, Theorem 4.1], suggest the
12 F. HIAI AND Y. UEDA
following plausible conjecture: If χorb(X1, . . . ,Xn) > −∞ and if at least one of the W ∗(Xi)
is diffuse, then W ∗(X1, . . . ,Xn) is a factor. Remark that a related result was given in [7,
Corollary 4.3] based on Voiculescu’s liberation theory.
4. Orbital equilibrium tracial states
In the notations as before let τ ∈ TS(CR(x)) and h ∈ CR(x)sa be given. In [10, p.238] we
said that τ is an equilibrium tracial state associated with h if the equality ηR(τ) = τ(h)+πR(h)
holds. Its orbital analog is defined in a similar way.
Definition 4.1. We say that τ is an orbital equilibrium tracial state associated with h if the
equality
ηorb,R(τ) = τ(h) + πorb,R(h : (τi)
n
i=1)
holds with finite value, where τi := τ ↾CR(xi) for 1 ≤ i ≤ n. (Note that this restriction of the τi
is indeed necessary for the above equality to hold with finite value, see Proposition 3.1.)
For any h ∈ CR(x)sa, there is an equilibrium tracial state associated with h, and also given
any (τi)
n
i=1 with τi ∈ TS(CR(xi)), 1 ≤ i ≤ n, there is an orbital equilibrium tracial state τ
associated with h such that τ ↾CR(xi)= τi, 1 ≤ i ≤ n (thanks to Corollary 3.2). Moreover, a
general theory ensures that, given any (τi)
n
i=1 as above, the set of all h ∈ CR(x)sa for which
there is a unique orbital equilibrium tracial state τ with τ ↾CR(xi)= τi, 1 ≤ i ≤ n, forms a dense
Gδ-set. This is seen in the exactly same way as in the remark after [10, Theorem 3.4] (due to
Proposition 2.2 (2), (4)).
4.1. Notational conventions. Let τ ∈ TS(CR(x)) be given. Via the GNS representation
associated with τ one obtains a finite von Neumann algebraM from CR(x), and can ‘extend’ τ
to the wholeM as a faithful normal tracial state. The original xij give, via the representation,
self-adjoint random variables Xij ∈ M, and set Xi := (Xij)r(i)j=1, 1 ≤ i ≤ n. We define
the orbital free entropy χorb(τ) of the given τ to be χorb(X1, . . . ,Xn). (Remark here that
χorb(X1, . . . ,Xn) = χorb,R(X1, . . . ,Xn) for every R ≥ maxi,j ‖Xij‖∞ possibly with R = ∞,
see [19, Lemma 2.5, Corollary 2.7], and the corresponding fact χ = χR is due to [1] and
[20, Propositions 2.4, 2.6, 3.6 (b)] with a simple convergence argument.) We also write Γorb(τ :
A ;N,m, δ) to be Γorb(X1, . . . ,Xn : A ;N,m, δ) for a givenA = (Ai)
n
i=1 ∈
∏n
i=1(MN (C)
sa)r(i).
Remark that ηorb,R(τ) = ηorb(X1, . . . ,Xn) by definition, and hence χorb(τ) ≤ ηorb,R(τ) holds
true by Theorem 3.5 (6).
4.2. Criterion of orbital equilibrium. Let Ξ(N) = (Ξi(N))
n
i=1 with Ξi(N) = (ξij(N))
r(i)
j=1 ∈
(MN (C)
sa
R )
r(i), 1 ≤ i ≤ n, N ∈ N, be a sequence of microstates, and assume that the tracial
states g ∈ CR(xi) 7→ trN (g(Ξi(N))) converges to some τi ∈ TS(CR(xi)) in the weak* topology
as N →∞ for every 1 ≤ i ≤ n. Fix h ∈ CR(x)sa, and define the ‘orbital Gibbs micro-emsemble’
µ
(h,Ξ(N))
N on U(N)
n to be a probability measure
1
Z
(h,Ξ(N))
N
exp(−N2trN (h((ViΞi(N)V ∗i )ni=1))) dγ⊗nU(N)(Vi),
and also define the ‘orbital mean tracial state’ τ
(h,Ξ(N))
N ∈ TS(CR(x)) by
τ
(h,Ξ(N))
N (f) :=
∫
U(N)n
dµ
(h,Ξ(N))
N (Vi) trN (f((ViΞi(N)V
∗
i )
n
i=1))), f ∈ CR(x).
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Proposition 4.1. Let τ ∈ TS(CR(x)) with τ ↾CR(xi)= τi, 1 ≤ i ≤ n, be given. Assume that
every C∗-subalgebra CR(xi) generates a hyperfinite von Neumann algebra in the GNS represen-
tation associated with τ and that
(♠) lim
N→∞
1
N2
logµ
(h,Ξ(N))
N (Γorb(τ : Ξ(N);N,m, δ)) = 0
for all sufficiently large m ∈ N and all sufficiently small δ > 0. Then the tracial state τ must
be orbital equilibrium associated with h, and moreover χorb(τ) = ηorb,R(τ) holds.
Proof. Write Γ(N,m, δ) := Γorb(τ : Ξ(N);N,m, δ) for simplicity. Let ε > 0 be arbitrarily
given. There is a non-commutative polynomial p = p∗ in x so that ‖p− h‖R < ε/3. Looking
at p one can choose m ∈ N and δ > 0 so that |trN (p((ViΞi(N)V ∗i )ni=1))− τ(p)| < ε/3 whenever
(Vi)
n
i=1 ∈ Γ(N,m, δ) with arbitrary N ∈ N. Hence, if (Vi)ni=1 ∈ Γ(N,m, δ) with arbitrary
N ∈ N, then |trN (h((ViΞi(N)V ∗i )ni=1))− τ(h)| < ε. Hence we have
1
N2
log γ⊗nU(N)(Γ(N,m, δ))
≈
ε
τ(h) +
1
N2
log
∫
Γ(N,m,δ)
dγ⊗nU(N)(Vi) exp(−N2trN (h((ViΞi(N)V ∗i )ni=1)))
= τ(h) +
1
N2
logZ
(h,Ξ(N))
N +
1
N2
logµ
(h,Ξ(N))
N (Γ(N,m, δ))
for all N ∈ N, where a ≈
ε
b means that |a− b| ≤ ε. Hence, the assumption (♠) ensures that
lim sup
N→∞
1
N2
log γ⊗nU(N)(Γ(N,m, δ)) ≈ε τ(h) + lim supN→∞
1
N2
logZ
(h,Ξ(N))
N
for all sufficiently large m ∈ N and all sufficiently small δ > 0. Taking the limit as m → ∞,
δ ց 0 we obtain χorb(τ) = τ(h)+πorb,R(h : (τi)ni=1) by Proposition 2.4, since ε > 0 is arbitrary.
The desired assertion immediately follows thanks to Theorem 3.5 (6) (see §§4.1). 
Remark 4.2. The assumption (♠) is satisfied when the ‘empirical orbital tracial state’ f ∈
CR(x) 7→ trN (f((ViΞi(N)V ∗i )ni=1)) converges to τ in the weak* topology as N → ∞, almost
surely when (Vi)
n
i=1 ∈ U(N)n is distributed under µ(h,Ξ(N))N . In fact, this implies a much
stronger fact that
lim
N→∞
µ
(h,Ξ(N))
N (Γorb(τ : Ξ(N);N,m, δ)) = 1
for every m ∈ N and δ > 0. Hence the above proposition enables us to see that random matrix
models studied by Collins, Guoionnet and Segala [5] produce examples of orbital equilibrium
tracial states in a suitable manner. However, the procedure of obtaining the desired tracial
states is not so straightforward; hence we postpone its explanation to §7 (especially Example
7.1).
We do not know whether or not the assumption (♠) is sufficient for the equality between
ηorb and Biane and Dabrowski’s variant χ˜orb. Similarly we do not yet know whether or not
χorb = χ˜orb even for two projections, though the large deviation principle (that is apparently
stronger than the convergence fact in Remark 4.2) for random two projection matrices was
already established in [13]. For these questions further investigations seem necessary. Moreover,
an interesting question arises in relation to the assumption (♠), see Remarks 4.7 (4).
14 F. HIAI AND Y. UEDA
4.3. Connections to the free pressure and the η-entropy. Throughout this subsection,
due to some technical difficulty, we assume that each given multi-indeterminate xi consists of
a single element; namely x = (xi)
n
i=1 is an n tuple of single indeterminates xi. In this case,
note that, for each 1 ≤ i ≤ n, CR(xi) = C[−R,R] and τi ∈ TS(CR(xi)) may be regarded
as a probability measure on [−R,R]. Furthermore, remark that ηR(τi) = χ(τi) for every
τi ∈ TS(CR(xi)), see [10, Proposition 4.2]. For each h ∈ CR(x)sa and N ∈ N we define the
‘Gibbs micro-ensemble’ λhR,N on (MN (C)
sa
R )
n to be a probability measure
1
ZhR,N
exp
(−N2trN (h(A)))1(MN (C)saR )n(A) dΛ⊗nN (A),
and also define the ‘mean tracial state’ τhR,N ∈ TS(CR(x)) by
τhR,N (f) :=
∫
(MN (C)saR )
n
dλhR,N (A) trN (f(A)), f ∈ CR(x)
Proposition 4.3. In the situation above, for every h ∈ CR(x)sa we have
πR(h) ≥ πorb,R(h : (τi)ni=1) +
n∑
i=1
χ(τi),
and the equality holds if limN→∞
1
N2 logλ
h
R,N
(∏n
i=1 ΓR(τi;N,m, δ)
)
= 0 for all sufficiently large
m ∈ N and all sufficiently small δ > 0.
Proof. We have
ZhR,N ≥ ZhR,NλhR,N
(
n∏
i=1
ΓR(τi;N,m, δ)
)
=
∫
∏
n
i=1 ΓR(τi;N,m,δ)
dΛ⊗nN (Ai) exp
(−N2trN (h((Ai)ni=1)))
=
∫
∏
n
i=1 ΓR(τi;N,m,δ)
dΛ⊗nN (Ai)
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViAiV ∗i )ni=1)))
≥ exp(πorb,R(h : (τi)ni=1;N,m, δ))
n∏
i=1
ΛN
(
ΓR(τi;N,m, δ)
)
,
where πorb,R(h : (τi)
n
i=1;N,m, δ) is the quantity introduced in Remark 2.5. The latter equality
above is due to the unitary conjugation invariance of ΓR(τi;N,m, δ) and ΛN . Therefore,
lim sup
N→∞
(
1
N2
logZhR,N +
n
2
logN
)
≥ lim sup
N→∞
1
N2
πorb,R(h : (τi)
n
i=1;N,m, δ) +
n∑
i=1
χR(τi;m, δ),
since the limit χR(τi;m, δ) := limN→∞
(
1
N2 log ΛN
(
ΓR(τi;N,m, δ)
)
+ 12 logN
)
exists, see e.g.,
[12, Theorem 5.6.2]. Letting m→∞ and δ ց 0 we get the desired inequality thanks to Remark
2.5. On the other hand, we also have
ZhR,Nλ
h
R,N
(
n∏
i=1
ΓR(τi;N,m, δ)
)
≤ exp(πorb,R(h : (τi)ni=1;N,m, δ))
n∏
i=1
ΛN
(
ΓR(τi;N,m, δ)
)
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so that
lim sup
N→∞
(
1
N2
logZhR,N +
n
2
logN
)
+ lim inf
N→∞
1
N2
logλhR,N
(
n∏
i=1
ΓR(τi;N,m, δ)
)
≤ lim sup
N→∞
1
N2
πorb,R(h : (τi)
n
i=1;N,m, δ) +
n∑
i=1
χR(τi;m, δ).
With the stated assumption this yields πR(h) ≤ πorb,R(h : (τi)ni=1) +
∑n
i=1 χ(τi). 
Corollary 4.4. We have
ηR(τ) ≥ ηorb,R(τ) +
n∑
i=1
χ(τi) ≥ χorb(τ) +
n∑
i=1
χ(τi) = χ(τ).
Hence, if ηR(τ) = χ(τ) holds and χ(τi) > −∞ for all 1 ≤ i ≤ n, then ηorb,R(τ) = χorb(τ) holds.
Proof. By Proposition 4.3, for every h ∈ CR(x)sa we have
τ(h) + πR(h) ≥ τ(h) + πorb,R(h : (τi)ni=1) +
n∑
i=1
χ(τi) ≥ ηorb,R(τ) +
n∑
i=1
χ(τi),
which implies the first inequality. The second inequality is contained in Theorem 3.5 (6) and
the last equality is [11, Theorem 2.6]. The latter assertion is immediate from the first. 
Corollary 4.5. If τ is an equilibrium tracial state associated with h ∈ CR(x)sa and ηR(τ) =
χ(τ), then τ is an orbital equilibrium tracial state associated with h and
πR(h) = πorb,R(h : (τi)
n
i=1) +
n∑
i=1
χ(τi), ηorb,R(τ) = χorb(τ).
Proof. Since ηR(τ) is finite by the equilibrium assumption, we have
∑n
i=1 χ(τi) ≥ χ(τ) =
ηR(τ) > −∞. Therefore, we have
ηR(τ) = τ(h) + πR(h) ≥ τ(h) + πorb,R(h : (τi)ni=1) +
n∑
i=1
χ(τi)
≥ ηorb,R(τ) +
n∑
i=1
χ(τi) ≥ χ(τ) = ηR(τ)
by Proposition 4.3 and Corollary 4.4. Hence the desired assertions immediately follow. 
Proposition 4.6. Let h ∈ CR(x)sa and τ ∈ TS(CR(x)) be given. Assume that
(♣) lim
N→∞
1
N2
logλhR,N (ΓR(τ ;N,m, δ)) = 0
for all sufficiently large m ∈ N and all sufficiently small δ > 0. Then the tracial state τ must
be equilibrium associated with h, and χ(τ) = ηR(τ) holds. Moreover, the tracial state τ is also
orbital equilibrium associated with h, and πR(h) = πorb,R(h) +
∑n
i=1 χ(τi) with τi := τ ↾CR(xi),
1 ≤ i ≤ n, and χorb(τ) = ηorb,R(τ) hold.
Proof. The proof is similar to that of Proposition 4.1. Let ε > 0 be arbitrarily chosen, and one
can choose m ∈ N and δ > 0 so that |trN (h(A))− τ(h)| < ε whenever A ∈ ΓR(τ ;N,m, δ) with
arbitrary N ∈ N. Then we have
1
N2
log Λ⊗nN (ΓR(τ ;N,m, δ)) ≈ε τ(h) +
1
N2
logZhR,N +
1
N2
logλhR,N (ΓR(τ ;N,m, δ))
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as in the proof of Proposition 4.1. Hence the assumption (♣) ensures that
lim sup
N→∞
(
1
N2
log Λ⊗nN (ΓR(τ ;N,m, δ)) +
n
2
logN
)
≈
ε
τ(h) + lim sup
N→∞
(
1
N2
logZhR,N +
n
2
logN
)
holds for all sufficiently large m ∈ N and all sufficiently small δ > 0. Taking the limit as
m→∞ and δ ց 0 we obtain χ(τ) = τ(h) + πR(h), since ε > 0 is arbitrary. The first assertion
is immediate thanks to the general fact χ(τ) ≤ ηR(τ), see [10, Theorem 4.5 (1)]. The second
assertion is immediate due to Corollary 4.5. 
Remarks 4.7. (1) The above assumption (♣) is satisfied when the ‘empirical tracial state’
f ∈ CR(x) 7→ trN (f(A)) converges to τ in the weak* topology as N →∞, almost surely when
A ∈ (MN(C)saR )n is distributed under λhR,N . In fact, this implies a much stronger fact that
lim
N→∞
λhR,N (ΓR(τ ;N,m, δ)) = 1
for every m ∈ N and δ > 0.
(2) Assume that τ is the limit of the mean tracial states τhR,N in the weak
∗ topology as
N → ∞. If the τ were confirmed to be extremal (this is the case if χ(τ) > −∞ due to the
the degenerate convexity of χ [23, χ.8]), then Biane and Dabrowski’s concentration lemma [2,
Lemma 6.1] would imply the desired assumption (♣) as follows. The consequence of their lemma
implies that for each m ∈ N and δ > 0 one has λhR,N (ΓR(τ ;N,m, δ)) > 1/2 for all sufficiently
large N ∈ N. This immediately implies the assumption (♣), so we have χorb(τ) = χ˜orb(τ) =
ηorb,R(τ) by [2, Theorem 7.3 (6)] and the above proposition.
(3) It would be quite nice if one could prove the same consequence as in (2) above for
any extremal weak∗-limit point of the mean tracial states τhR,N . This is suggested by the
fact in quantum spin systems that a weak∗-limit point of local Gibbs states is a global Gibbs
(equilibrium) states [4, §6.2.2]. The above proof of Proposition 4.6 does not work under the
assumption that τ is a weak∗-limit point of τhR,N .
(4) When a given tracial state τ is weak∗-exposed in the convex set of all σ ∈ TS(CR(x))
conditioned by σ ↾CR(xi)= τi, 1 ≤ i ≤ n, the orbital microstate counterpart of the consequence
of Biane and Dabrowski’s concentration lemma (which implies the assumption (♠)) holds with
the essentially same proof as [2, Corollary 5.4, Lemma 6.1]. Hence it is desirable to find a
suitable condition for a given tracial state to be weak∗-exposed in the above convex set rather
than its extremality.
Example 4.8. According to [9, Theorem 3.5], if h =
∑n
i=1 x
2
i /2 +
∑l
k=1 tkqk is a self-adjoint
polynomial in x with monomials qk and sufficiently small coefficients tk, then there exists a
unique τ ∈ TS(CR(x)), given as a unique solution to the Schwinger-Dyson equation, such that
the ‘empirical tracial state’ f ∈ CR(x)sa 7→ trN (f(A)) converges to τ in the weak* topology
as N → ∞, almost surely when A ∈ (MN (C)saR )n is distributed under λhR,N . This implies the
stronger assumption in Remarks 4.7 (1) and that τ is the limit of τhR,N in the weak
∗ topology.
Therefore, the tracial state τ enjoys the assertions of Proposition 4.6 and χorb(τ) = χ˜orb(τ)
(thanks to χ(τ) > −∞). Here it should be mentioned that the proof of Proposition 4.6 is
essentially same as that of [9, Theorem 4.1], where the formula χ(τ) = τ(h) + πR(h) explicitly
appears.
5. Free independence and Orbital η-entropy
In the notations as in §3 we will establish the next theorem.
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Theorem 5.1. Self-adjoint random multi-variables X1, . . . ,Xn in a tracial W
∗-probability
space are freely independent and each of them has f.d.a. if and only if ηorb(X1, . . . ,Xn) = 0.
We need the next transportation cost inequality for orbital equilibrium tracial states.
Proposition 5.2. Let τ ∈ TS(CR(x)) and set τi := τ ↾CR(xi), 1 ≤ i ≤ n. If τ is an
orbital equilibrium tracial state associated with some h ∈ CR(x)sa, then W2(τ,⋆ni=1τi) ≤
4R
√
r
√−ηorb,R(τ) holds with r := max1≤i≤n r(i), where W2 denotes the free 2-Wasserstein
distance introduced by Biane and Voiculescu [3].
Note that the constant
√
r contained in the transportation cost inequality was missing in the
proof of [11, Proposition 4.4 (8)] (see [19, Appendix] for an explanation on this minor error).
Proof. The proof is just an adaptation of the method of [14, Theorem 3.1] into the present
framework. Hence we give only its sketch. We will replace U(N) with SU(N) in the discussion
below. The orbital free pressure πorb,R(h : (τi)
n
i=1) and all the others appearing below do not
change by this replacement.
Firstly, we deal with the case when τ is a unique (under τ ↾CR(xi)= τi, 1 ≤ i ≤ n) orbital
equilibrium tracial state associated with h. One can choose a subsequence Nk and a sequence
A(k) = (A
(k)
i )
n
i=1 so that
πorb,R(h, (τi)
n
i=1) = lim
k→∞
1
Nk
log
∫
SU(Nk)n
dγ⊗nSU(Nk)(Vi) exp
(−N2k trNk(h((ViA(k)i V ∗i )ni=1))).
Similarly to the definitions in §§4.2, for every f ∈ CR(x)sa we define the Gibbs micro-ensembles
µ
(f,A(k))
Nk
on SU(Nk)
n with the normalizing constant Z
(f,A(k))
Nk
, and also define the mean tra-
cial state τ
(h,A(k))
Nk
∈ TS(CR(x)) as the mean of f 7→ trNk(f((ViA(k)V ∗i )ni=1)) with respect to
µ
(h,A(k))
Nk
. By taking a further subsequence if necessary we may and do assume that τ
(h,A(k))
Nk
converges to some τ0 ∈ TS(CR(x)) in the weak* topology as k →∞. Consider f 7→ logZ(f,A
(k))
Nk
as a function on CR(x)sa. It is a convex function (see the proof of Proposition 2.2 (4)), and its
Gaˆteaux derivative at h in the direction f − h becomes −N2kτ (h,A
(k))
Nk
(f − h); hence
logZ
(f,A(k))
Nk
= logZ
(h+(f−h),A(k))
Nk
≥ logZ(h,A(k))Nk −N2kτ
(h,A(k))
Nk
(f − h)
for every f ∈ CR(x)sa (see [4, p.297]). Therefore, dividing by N2k and letting k → ∞ we get
τ0(h) + πorb,R(h : (τi)
n
i=1) ≤ τ0(f) + πorb,R(f : (τi)ni=1) for every f ∈ CR(x)sa. This together
with the uniqueness of τ implies that τ
(h,A(k))
Nk
converges to τ itself in the weak* topology as
k →∞. Then, as in [11, Proposition 3.5] and [19, Appendix] we have
W2(τ
(h,A(k))
Nk
, τ
(0,A(k))
Nk
)2 ≤ 16R2r
(
−τ (h,A(k))Nk (h)−
1
N2k
logZ
(h,A(k))
Nk
)
,
and letting k →∞ we get the desired inequality, since the mean tracial state τ (0,A(k))Nk converges
to the free product tracial state ⋆ni=1τi in the weak* topology as k →∞ (see [11, Lemma 3.3]).
The not necessarily unique (under τ ↾CR(xi)= τi, 1 ≤ i ≤ n) orbital equilibrium case can
be reduced to the previous one with the help of a standard method based on e.g., [4, Lemma
6.2.43], see the final part of the proof of [14, Theorem 3.1]. 
Proof. (Theorem 5.1) The ‘only if’ part is Theorem 3.5 (8). If ηorb(X1, . . . ,Xn) = 0, then τ
(R)
X
with R := maxi,j ‖Xij‖∞ must be orbital equilibrium associated with h = 0 so that the desired
assertion immediately follows by the transportation cost inequality established in Proposition
5.2. 
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6. A representation of χorb as Legendre transform
As shown in [10, §6] the microstate free entropy χ can be written as the minus Legendre
transform of the ‘double’ free pressure. The importance of this representation of χ was explained
in [8, p.246–249]. Hence it is worthwhile to provide its χorb-counterpart for the reference in
future research.
Let xi = (xij)
r(i)
j=1, 1 ≤ i ≤ n, be non-commutative multi-indeterminates. For R > 0 let
CR(x) be the universal C∗-free product introduced in §2 and consider the minimal C∗-tensor
product CR(x) ⊗min CR(x), whose norm is denoted by the same ‖ − ‖R. When A = (Ai)ni=1,
Ai = (Aij)
r(i)
j=1 ∈ (MN (C)saR )r(i), 1 ≤ i ≤ n, are given, one can define the ∗-homomorphism
h ∈ CR(x)⊗min CR(x) 7→ h(A) ∈MN (C)⊗MN(C)
to be the tensor product of the ∗-homomorphism f ∈ CR(x) 7→ f(A) ∈MN (C) (defined in §2)
so that (f ⊗ g)(A) = f(A)⊗ g(A) for f, g ∈ CR(x).
Definition 6.1. Let τi ∈ TS(C(xi)), 1 ≤ i ≤ n, be given. For each h = h∗ ∈ CR(x)⊗min CR(x)
we define
π
(2)
orb,R(h : (τi)
n
i=1 ;N,m, δ)
:= sup
Ai∈ΓR(τi ;N,m,δ)
1≤i≤n
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2(trN ⊗ trN )(h((ViAiV ∗i )ni=1)),
π
(2)
orb,R(h : (τi)
n
i=1 ;m, δ) := lim sup
N→∞
1
N2
π
(2)
orb,R(h : (τi)
n
i=1 ;N,m, δ),
π
(2)
orb,R(h : (τi)
n
i=1) := limm→∞
δց0
π
(2)
orb,R(h : (τi) ;m, δ) = infm∈N
δ>0
π
(2)
orb,R(h : (τi) ;m, δ),
where the first quantity should be read −∞ when ΓR(τi ;N,m, δ) = ∅ for some 1 ≤ i ≤ n.
Let Xi = (Xij)
r(i)
j=1, 1 ≤ i ≤ n, be self-adjoint random multi-variables with ‖Xij‖∞ ≤ R in
a W ∗-probability space (M, τ). The tracial states τ (R)X ∈ TS(CR(x)) and τ (R)Xi ∈ TS(CR(xi)),
1 ≤ i ≤ n, are defined as in Theorem 3.4. We then have the next representation of χorb.
Proposition 6.1. With the assumption and the notations above,
χorb(X1, . . . ,Xn)
= inf
{
(τ
(R)
X ⊗ τ (R)X )(h) + π(2)orb,R(h : (τ (R)Xi )ni=1)
∣∣ h = h∗ ∈ CR(x) ⊗min CR(x)}
= inf
{
(τ
(R)
X ⊗ τ (R)X )(p) + π(2)orb,R(p : (τ (R)Xi )ni=1)
∣∣ p = p∗ ∈ C〈x〉 ⊗ C〈x〉}
without any assumption imposed on the Xi. In particular, the infimum expressions above are
independent of the choice of R ≥ maxi,j ‖Xij‖∞.
Proof. The proof below is essentially same as that of [10, Theorem 6.4]. In the following we write
τi = τ
(R)
Xi
for simplicity and Ai ∈ (MN (C)saR )r(i), 1 ≤ i ≤ n, for matricial multi-microstates.
We may and do assume that all Xi have f.d.a. by the definition of π
(2)
orb,R and [19, Theorem
2.6 (2)]. Let h = h∗ ∈ CR(x)⊗min CR(x) be arbitrarily given. For a given ε > 0 one can choose
an element p = p∗ ∈ C〈x〉 ⊗ C〈x〉 (a non-commutative polynomial in ‘double’ x) such that
‖h− p‖R < ε. Hence∣∣π(2)orb,R(h : (τi)ni=1N,m, δ)− π(2)orb,R(p : (τi)ni=1N,m, δ)∣∣ < N2ε
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for every N ∈ N, m ∈ N and δ > 0. (This is confirmed in the exactly same way as the proof
of Proposition 2.2 (2).) Looking at p one can choose m0 ∈ N and δ0 > 0 in such a way that for
every N ∈ N ∣∣(trN ⊗ trN )(p((ViAiV ∗i )ni=1))− (τ (R)X ⊗ τ (R)X )(p)∣∣ < ε
holds whenever (Vi)
n
i=1 ∈ Γorb(X1, . . . ,Xn : (Ai)ni=1 ;N,m, δ) with m ≥ m0 and 0 < δ ≤ δ0.
Consequently,
π
(2)
orb,R(h : (τi)
n
i=1 ;N,m, δ) +N
2ε > π
(2)
orb,R(p : (τi)
n
i=1 ;N,m, δ)
≥ sup
Ai∈ΓR(τi ;N,m,δ)
1≤i≤n
log
[ ∫
Γorb(X1,...,Xn:(Ai)ni=1 ;N,m,δ)
dγ⊗nU(N)(Vi)
× exp(−N2(trN ⊗ trN)(p((ViAiV ∗i )ni=1)))]
≥ −N2((τ (R)X ⊗ τ (R)X )(p) + ε)+ χ¯orb,R(X1, . . . ,Xn ;N,m, δ).
(See [19, Equation (2.3)] for the definition of χ¯orb,R(X1, . . . ,Xn ;N,m, δ).) This implies by [19,
Proposition 2.4 and Corollary 2.7] that
χorb(X1, . . . ,Xn) ≤ (τ (R)X ⊗ τ (R)X )(p) + π(2)orb,R(h : (τi)ni=1 ;m, δ) + 2ε
≤ (τ (R)X ⊗ τ (R)X )(h) + π(2)orb,R(h : (τi)ni=1 ;m, δ) + 3ε.
Letting m → ∞ and δ ց 0 yields that χorb(X1, . . . ,Xn) is not greater than the first infimum
in the asserted identities.
Next, choose an arbitrary α > χorb(X1, . . . ,Xn) = χorb,R(X1, . . . ,Xn). Then there exist
m ∈ N and δ > 0 so that lim supN→∞ 1N2 χ¯orb,R(X1, . . . ,Xn ;N,m, δ) < α. For any β > 0
define pm,β = p
∗
m,β ∈ C〈x〉 ⊗ C〈x〉 to be
β
δ2
m∑
l=1
∑
(ik,jk)
1≤k≤l
(xi1j1 · · ·xiljl − τ (R)X (xi1j1 · · ·xiljl))⊗ (xi1j1 · · ·xiljl − τ (R)X (xi1j1 · · ·xiljl))∗.
In what follows, we write Γ((Ai)i, N,m, δ) := Γorb(X1, . . . ,Xn : (Ai)
n
i=1 ;N,m, δ) for short.
Since (Vi)
n
i=1 6∈ Γ((Ai)i ;N,m, δ) forces
(trN ⊗ trN )(pm,β((ViAiV ∗i )ni=1) ≥ β,
we have ∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2(trN ⊗ trN )(pm,β((ViAiV ∗i )ni=1))
=
(∫
Γ((Ai)i,N,m,δ)
+
∫
Γ((Ai)i,N,m,δ)c
)
dγ⊗nU(N)(Vi)
× exp(−N2(trN ⊗ trN)(pm,β((ViAiV ∗i )ni=1))
≤ γ⊗nU(N)(Γ((Ai)i, N,m, δ)) + exp(−N2β).
Since (τ
(R)
X ⊗ τ (R)X )(pm,β) = 0, we therefore obtain
inf
{
(τ
(R)
X ⊗ τ (R)X )(p) + π(2)orb,R(p : (τi)ni=1)
∣∣ p = p∗ ∈ C(x) ⊗ C(x)}
≤ lim sup
N→∞
1
N2
π
(2)
orb,R(pm,β : (τi)
n
i=1 ;N,m, δ)
≤ lim sup
N→∞
log
(
exp χ¯orb,R(X1, . . . ,Xn ;N,m, δ) + exp(−N2β)
)1/N2
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≤ lim sup
N→∞
log
[
exp
(
1
N2
χ¯orb,R(X1, . . . ,Xn ;N,m, δ)
)
+ exp(−β)
]
= log
[
exp
(
lim sup
N→∞
1
N2
χ¯orb,R(X1, . . . ,Xn ;N,m, δ)
)
+ exp(−β)
]
≤ log ( expα+ exp(−β))ց α
as β ր ∞. Thus the second infimum is not greater than χorb(X1, . . . ,Xn) in the desired
identities. 
7. Orbital equilibrium tracial states arising from Random matrix models
Let u = (ui, u
∗
i )
n
i=1 (or (ui)
n
i=1 for short) and zi = (zij)
r(i)
j=1 be families of indeterminates and
set z := z1 ⊔ · · · ⊔ zn. Let C〈u, z〉 be the universal ∗-algebra generated by those indeterminates
subject to the relations uiu
∗
i = u
∗
i ui = 1, 1 ≤ i ≤ n, and zij = z∗ij , 1 ≤ i ≤ n, 1 ≤ j ≤ r(i). For
a given R > 0 we also define CR(u, z) to be the universal C∗-free product
C(T)⋆n ⋆
(
⋆ni=1C[−R,R]⋆r(i)
)
with identifications ui(ζ) = ζ in the ith copy of C(T) and zij(t) = t in the (i, j)th copy of
C[−R,R]. Note that C〈u, z〉 canonically sits inside CR(u, z) with keeping the same symbols
of generators. There is a unique derivations ∂i : C〈u, z〉 → C〈u, z〉 ⊗alg C〈u, z〉, 1 ≤ i ≤ n,
determined by
∂iuj := δijui ⊗ 1, ∂iu∗j := −δij1⊗ u∗i , ∂i ↾C〈z〉:= 0, 1 ≤ j ≤ n,
where C〈z〉 ⊂ C〈u, z〉 is the unital ∗-subalgebra generated by z. Let θ : C〈u, z〉 ⊗alg C〈u, z〉 →
C〈u, z〉 be defined by θ(a⊗ b) := ba, and set Di := θ ◦ ∂i : C〈u, z〉 → C〈u, z〉, 1 ≤ i ≤ n.
Write xij := uiziju
∗
i , 1 ≤ i ≤ n, 1 ≤ j ≤ r(i), and set xi := (xij)r(i)j=1, 1 ≤ i ≤ n, and
x := x1 ⊔ · · · ⊔ xn. Fix a non-commutative polynomial h = h∗ in x, which is understood as
a self-adjoint element in C〈u, z〉. Let a tracial state τ0 ∈ TS(CR(z)) be given, and consider
a tracial state τh ∈ TS(CR(u, z)) obtained as a solution to the so-called Schwinger-Dyson
equation:
τh ↾CR(Z)= τ0, (τh ⊗ τh) ◦ ∂i(p) = τh((Dih)p), 1 ≤ i ≤ n, (7.1)
for every p ∈ C〈u, z〉 (⊂ CR(u, z)). The limit distributions of random matrix models studied in
[5] become such tracial states which also produce examples of orbital equilibrium tracial states
in a suitable manner as follows.
Example 7.1. Assume that the above h is of the form h =
∑l
k=1 tkqk with monomials qk
in x and sufficiently small coefficients tk and further that the above τ0 is given as the limit
distribution of given deterministic matrices Ξ(N) = Ξ1(N) ⊔ · · · ⊔ Ξn(N) as in §§4.2. Then
[5, Corollary 3.1] shows that the ‘empirical tracial state’ f ∈ CR(u, z) 7→ trN (f(V,Ξ(N)))
converges to the unique tracial state τh determined by (7.1) in the weak* topology as N →∞,
almost surely when V = (Vi)
n
i=1 is distributed under the Gibbs micro-emsemble µ
(h,Ξ(N))
N
on U(N)n defined in §§4.2. In particular, the empirical orbital tracial state g ∈ CR(x) 7→
trN (g((ViΞi(N)V
∗
i )
n
i=1)) converges to τ
h ∈ TS(CR(x)) induced from τh by the ∗-homomorphism
xij ∈ CR(x) 7→ uiziju∗i ∈ CR(u, z) in the weak* topology as N → ∞, almost surely when
(Vi)
n
i=1 ∈ U(N)n is distributed under µ(h,Ξ(N))N . Hence, by Proposition 4.1 with Remark 4.2
we see that τh is orbital equilibrium associated with h under the hyperfiniteness assumption
of every tracial state τhi := τ
h ↾CR(xi) (this is the case when every Ξi(N) is a singleton). This
and [11, Theorem 2.6] explain grounds for the final formula in the proof of [5, Theorem 8.1].
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Moreover, it was shown in [5, Theorem 7.1] that limN→∞
1
N2 logZ
(h,Ξ(N))
N exists under the
hypothesis that the tk are sufficiently small. This is nothing but
πorb,R(h : (τ
h
i )
n
i=1) = lim
N→∞
1
N2
log
∫
U(N)n
dγ⊗nU(N)(Vi) exp
(−N2trN (h((ViΞi(N)V ∗i )ni=1))),
and implies, by the proof of Proposition 4.1, the following:
χorb(τ
h) = lim
m→∞
δց0
lim inf
N→∞
1
N2
log γ⊗nU(N)
(
Γorb(τ
h : Ξ(N) ;N,m, δ)
)
.
Furthermore, [5, Theorem 7.1] provides an expression of limN→∞
1
N2 logZ
(h,Ξ(N))
N combinato-
rially, and thus the orbital free entropy χorb(τ
h) admits a combinatorial expression.
Now, let τh ∈ TS(CR(u, z)) be as given in (7.1). Via the GNS representation associated with
τh we obtain a tracial W
∗-probability space (M, τ), and the indeterminates u, z give unitary
random variables U = (Ui)
n
i=1 and self-adjoint random multi-variables Z = Z1 ⊔ · · · ⊔ Zn with
Z = (Zij)
r(i)
j=1, 1 ≤ i ≤ n, in (M, τ). Write Xij := UiZijU∗i , 1 ≤ i ≤ n, 1 ≤ j ≤ r(i), and
set Xi := (Xij)
r(i)
j=1, a self-adjoint multi-variable, for every 1 ≤ i ≤ n and X := X1 ⊔ · · · ⊔Xn.
Note here that τh in the above example is τ
(R)
X . We will compute the liberation gradient
j(W ∗(Xi) : W
∗(X1, . . . , Xˆi, . . . ,Xn)), 1 ≤ i ≤ n, see [22, §5.4]. In what follows, δi denotes
the derivation of W ∗(Xi) relative to W
∗(X1, . . . , Xˆi, . . . ,Xn) in the liberation theory (see [22,
§5.3]), and we define θ¯(∑i ai ⊗ bi) :=∑i biai for every ∑i ai ⊗ bi ∈M⊗algM.
Proposition 7.2. The liberation gradient j(W ∗(Xi) :W
∗(X1, . . . , Xˆi, . . . ,Xn)) becomes
−Ui(Dih)(X)U∗i = θ¯ ◦ δi(h(X)) =
r(i)∑
j=1
[θ¯ ◦ ∂Xij (h(X)), Xi],
where ∂Xij = ∂Xij :C〈X11,...,Xˆij ,...,Xnr(n)〉 is the free difference quotient associated with Xij, 1 ≤
j ≤ r(i), 1 ≤ i ≤ n, [23, §§3.2].
We should remark that the formula above is quite similar to [22, Proposition 5.10, Corollary
8.3]. This means that the work [5] should have a deep connection to Voiculescu’s liberation the-
ory [22]. The proof below is short enough, and hence we do give it for the reader’s convenience.
Proof. If y ∈ C〈z〉 ⊂ C〈u, z〉, then ∂i(ujyu∗j) = δij(1⊗u∗i )(1⊗uiyu∗i −uiyu∗i ⊗ 1)(ui⊗ 1). Thus
we have
δi ◦ π ↾C〈x〉= −π((1 ⊗ ui)∂i(− )(u∗i ⊗ 1)), (7.2)
where we explicitly write the GNS representation π : CR(u, z)→M associated with τh. For each
1 ≤ i ≤ n, the liberation gradient ji := j(W ∗(Xi) : W ∗(X1, . . . , Xˆi, . . . ,Xn)) is determined
as a unique element in L2(W ∗(X), τ ↾W∗(X)) (which naturally sits inside the bigger L
2-space
L2(M, τ)) with the equation:
τ(jim) = (τ ⊗ τ) ◦ δi(m), m ∈ C〈X〉. (7.3)
Hence, for each non-commutative polynomial p in x we observe by (7.2) that
(τ ⊗ τ) ◦ δi(p(X)) = −(τh ⊗ τh)((1 ⊗ ui)∂i(p)(u∗i ⊗ 1)) = −(τh ⊗ τh)((u∗i ⊗ 1)∂i(p)(1 ⊗ ui)),
(u∗i ⊗ 1)∂i(p)(1 ⊗ ui) = ∂i(u∗i pui) + 1⊗ u∗i pui − u∗i pui ⊗ 1,
and hence by the Schwinger-Dyson equation
(τh ⊗ τh)((u∗i ⊗ 1)∂i(p)(1⊗ ui)) = (τh ⊗ τh) ◦ ∂i(u∗i pui) = τh((ui(Dih)u∗i )p).
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Therefore, it follows that identity (7.3) is equivalent to τ(jip(X)) = −τh((ui(Dih)u∗i )p) for
every non-commutative polynomial p in x, 1 ≤ i ≤ n. It is easy to confirm that the restriction
of π ◦Adui ◦Di to the unital ∗-subalgebra generated by x is exactly −θ¯ ◦ δi ◦π. Thus, we arrive
at ji = −π(Adui(Dih)) = θ¯ ◦ δi(h(X)) ∈ W ∗(X). The last equality in the desired formula
immediately follows from Voiculescu’s unpublished work (see [6, Equation (1) in p.3665]). 
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